Abstract -We propose a scheme to realize rotation sensing through the use of optical lattices with laser-assisted tunneling. We theoretically demonstrate that competition between the rotation and the spin-orbit coupling governs the spin-dependent response of the cyclotron dynamics of the spin-orbit coupled bosons. The Sagnac-type cumulative phase can be read out from the envelope of a beat-frequency time evolution of the population imbalance in the spin-balanced system and enhanced by cyclotron motion. We also theoretically show that the sensitivity limit of the spinorbit-coupled system to rotational motion can reach 4 × 10 −7 rads −1 Hz 1/2 .
Introduction. -Over the past decades, the Sagnac effect has given birth to an important class of inertial sensors employing the rotation-dependent phase shift Φ = 4πΩA λv between two counterpropagating laser light or matter waves [1] [2] [3] [4] [5] . In the Sagnac geometry [6] , Ω is the rotation, A is the area enclosed by the Sagnac loop, λ is the wavelength of the laser light or matter waves, and v is the corresponding velocity [7] . Owing to the rapid developments in laser cooling and manipulation of neutral atoms [8] [9] [10] , the application of atom interferometers to precision rotation measurements has been explored [4, 5, 11] , with the projected sensitivity of an atom-based Mach-Zehnder gyroscope demonstrated to exceed that of an optical gyroscope by a factor of ∼ 10 11 [12, 13] . Although suffering a lower atom flux and a smaller enclosed loop area, the atom interferometer gyroscope can potentially outperforms the photon-based system by several orders of magnitude [5] .
However, because only a half circuit is established around the full-loop Sagnac geometry, the Mach-Zehndertype atom interferometer achieves only half of the phase shift originally considered by Sagnac [5, 6, 14] . The phase shift or sensitivity of the Mach-Zehnder gyroscope can of course be increased considerably by having the laser light (a) E-mail: bnjiang@siom.ac.cn (b) E-mail: xggwei@hotmail.com or matter wave travel more than a half Sagnac loop. In a photon-based system, this has been achieved by guiding two counterpropagating laser light through an optical fiber that circles the Sagnac loop many times [3] . Thus, naturally, we ask whether an atom-based system featuring counterorbiting matter-wave components can also sense rotation.
One such atom-based system has recently been realized in optical lattices with laser-assisted tunneling (LAT) [15] [16] [17] [18] , where opposite spin components of the spin-orbitcoupled bosons manifest cyclotron motion with opposite chiralities on the edge [15, 19] . However, to answer the question above, further theoretical efforts are needed for two reasons. First, the competition between rotation and spin-orbit coupling has not yet been discussed, either experimentally nor theoretically [20] . Second, the readout of the cumulative phase therein is also a challenging task, since there is no interference in analogy to the ring fiber interferometer between two bosonic currents with distinct spins.
To address these issues, we theoretically study a rotating spin-orbit-coupled bosonic system in this work. We demonstrate that the opposite spin components of the bosons in optical lattices with LAT are respectively accelerated and decelerated by the rotation, leading to a Sagnac-type cumulative phase enhanced by the cyclotron motion. Furthermore, we show that competition between the rotation and the spin-orbit coupling dramatically generates a beat-frequency time evolution of the population imbalance in the spin-balanced system, from the envelope of which the cumulative phase (or the rotation) can be read out. We also theoretically estimate that the sensitivity limit of the spin-orbit-coupled system to the rotational motion is 4 × 10
Model. -As shown in Fig. 1 , we consider noninteracting bosonic 87 Rb atoms trapped in a two-dimensional optical lattice, where the opposite spin states | ↑ and | ↓ denote the Zeeman states |F = 1, m F = −1 and |F = 2, m F = −1 respectively, and σ z is the corresponding Pauli spin matrix [15] . Along x, the normal tunneling of the atom is suppressed by a magnetic field gradient ∆σ z in this direction. The spin-dependent resonant LAT is reestablished with two far-detuned Raman laser beams of frequency detuning δω = (ω 2 − ω 1 )σ z = ∆ σ z and momentum transfer δ k = ( k 2 − k 1 )σ z , realizing the spin-orbit coupling [21, 22] . The spin-orbit-coupled bosonic 87 Rb atoms corotate with the setup with an angular velocity Ω along z [23] . By generalizing the treatments in Refs. [16, [24] [25] [26] [27] [28] [29] , we derive, in rotating-frame coordinates, a modified Harper Hamiltonian that models the rotating spin-orbit-coupled bosonic system under the tight-binding approximation:
whereb m,n,σ annihilates a boson in the spin state |σ at site (m, n). K and J are the effective tunneling amplitudes of the atom along x and y, and we set K/ = 0.27×2πkHz and J/ = 0.53 × 2πkHz following the experimental situation [15] .
m,n is a trapping potential generated by a weak external harmonic confinement with a trapping frequency ω h ≈ 25 × 2πHz and the centrifugal potential [30] , where M is the mass of the 87 Rb atom.
Here, we discuss the effect of trapping potential V T (m, n) on the cyclotron dynamics of the rotating spinorbit-coupled bosons. First, on an elementary plaquette, since V T (m, n) ≪ J, K, the effect of V T (m, n) can be reasonably neglected. Second, to reach a large Sagnac loop in optical lattices, a toroidal optical dipole trap is applied to the current setup through the use of red-detuned LaguerreGaussian beams along z [18, 31] . The spin-orbit-coupled bosons trapped in the toroidal confinement travel around a ring lattice and experience a constant V T (m, n) at each site because of the symmetry of traps. Thus, V T (m, n) can be treated as a trivial constant in Eq. (1), and the demonstration on the elementary plaquette can be straightforwardly generalized.
The competition between rotation and spin-orbit coupling conceives in the spatially varying phase of the effective tunneling in Eq. (1). The spin-orbit coupling that takes the form V so σ z (xp y − yp x ) arises from the spatially varying phase φ so m,n = ϕ(m+n)σ z , leading to the quantum spin Hall effect (QSHE) [15, 19, 32] . In the time-reversalsymmetric QSHE system, the | ↑ and | ↓ bosons manifest cyclotron orbits with opposite chiralities and the cumulative phase on the edge Φ( ) = [5, 14] , thus governing the underlying physics of the rotation sensing. V so and V ro denote the strength of interactions, a is the lattice constant. Since the Sagnactype cumulative phase increases with the number of the cyclotron loops N loop , the spin-orbit-coupled bosonic system can be treated as an ultracold-atom analog of the fiber ring interferometer, but with a different readout procedure, which shall be demonstrated in the following sections.
The Sagnac effect on a plaquette. -Considering the Sagnac-type cumulative phase discussed above, nontrivial sensitivity to the rotational motion can be reached with spin-orbit-coupled bosons in a sufficiently large optical ring lattice. The underlying physics of such a multi-site system can be transparently revealed by a minimal model -a four-site modified Harper Hamiltonian on an elementary plaquette [15] . Thus, here, the competition between rotation and spin-orbit coupling are monitored by the cyclotron dynamics of N | ↑ and | ↓ bosons on a plaquette p-2 isolated in a two-dimensional optical lattice. We study the cyclotron dynamics assuming an spin-balanced initial state
describing N bosons prepared in a superposition of two spin components on sites A and D, where |0 denotes the vacuum state and sites {A, B, C, D} = {(0, 0), (1, 0), (1, 1), (0, 1)} [33] . The physics described is robust against the choice of the initial state. The quantities characterizing the cyclotron motion are the timedependent mean atom positions of the | ↑ and | ↓ bosons along x and y, which are defined as
where N m,n,σ = b † m,n,σbm,n,σ . By solving the Schrödinger equation with Eq. (1), we obtain the trajectories of the spin-orbit-coupled bosons. In the nonrotating QSHE system (Fig. 2a) , the counterorbiting | ↑ and | ↓ bosons undampedly travel around the loop of a same area A. With the rotation increasing from 0 to Ω = To obtain a quantitative relation between the cumulative phase (or the rotation) and the cyclotron dynamics, we further study the particle current through the time evolution of the population imbalance defined as (4) where N m,n = N m,n,↑ + N m,n,↓ . In the nonrotating spin-balanced QSHE system, the time evolution of ∆N ↑ and ∆N ↓ are perfectly mirrored [15] , leading to a timeindependent population imbalance ∆N = 0 (Fig. 3a) . Thus, the particle current can be fully neglected. As the rotation respectively accelerates and decelerates the cyclotron motion of the | ↑ and | ↓ bosons (Fig. 2) , the time evolution of ∆N ↑ and ∆N ↓ manifest a mismatch of both the oscillation amplitude and the frequency (Fig. 3b,  top) , resulting in a time-dependent population imbalance and dramatically leading to a measurable particle current in the spin-balanced system (Fig. 3b, bottom) . For an analytically understanding of the nontrivial particle current in the rotating spin-orbit-coupled system, we approximately treat the time evolution of ∆N ↑ and ∆N ↓ as sinusoidal functions
where A ↑,↓ and ω ↑,↓ are the oscillation amplitude and the frequency. Straightforwardly, we obtain a beat-frequency fit function that approximately describes the time evolution of population imbalance as
where the beat frequency ω beat = ω ↑ −ω ↓ and ω = ω ↑ +ω ↓ . It is shown in Fig. 3 that ∆N beat well captures the underlying physics of the particle current found in the numerics: (a) In the spin-balanced QSHE system, the particle current with ω beat = 0 is not measurable, which is consistent with the experimental observation of the oscillation amplitude being proportional to the spin polarization [15] . (b) As the rotation destroys the QSHE, the time evolution of the population imbalance exhibits fast oscillations with frequency ω/2, modulated by an en- frequency in the spin-balanced system. Comparing the above two points, one can realize that the beat-frequency time evolution of the population imbalance is an unique phenomenon in the rotating spin-orbit-coupled system. By applying the beat-frequency fit function in Eq. (6), we derive in Fig. 4 a quantitative relation between the cumulative phase (or the rotation) and ω beat from the exact numerical simulations. As the rotation increases, the beat frequency increases linearly with the parameter 4MΩA in the weak rotation regime and goes quadratic in the strong rotation regime, demonstrating that the beat frequency is an important measurement of the competition between the rotation and the spin-orbit coupling, and the Sagnac-type cumulative phase (or the rotation) can be read out from the envelope of the time evolution of the population imbalance. One can also easily derive that this envelope increases to the maximum at
, when the corresponding cu-
It means that, in analogy to the fiber ring interferometer, the readout signal of a weak rotation can be increased considerably after N loop (t max ) cyclotron loops.
Experimental considerations. -From the abovementioned demonstrations, the quantitative relation between the the rotation and the beat frequency obviously plays a key role in the rotation sensing using spin-orbitcoupled bosons. The rotation sensing is roughly achieved by experimentally measuring the time evolution of the population imbalance and numerically fitting the corresponding beat frequency with Eq. (6) . Any variation of the rotation will affect the beat frequency following the the quantitative relation shown in Fig. 4 . From the ex- perimental side, the time evolution of the population imbalance can be probed by non-destructive phase-contrast imaging that is extensively used for in-situ density measurement of bosonic gases [34] [35] [36] . The image of the density distribution at arbitrary time t is obtained by collecting photons scattered coherently from the cloud of bosons [35] , and the corresponding population imbalance is straightforwardly derived from the density distribution. We theoretically estimate the sensitivity of the spin-orbitcoupled system to rotational motion using the numberphase uncertainty principle applied in Refs. [12, 13, 37] . And we derive a sensitivity limit from the uncertainty of the phase-contrast imaging as
where N sc is the flux of scattered photons. Assuming we realize a ring lattice with diameter d ≈ 22a by adding red-detuned Laguerre-Gaussian beams to a square optical lattice, and load N = 10 6 spin-orbit-coupled 87 Rb atoms. Using a typical collected number of photons per atom per second 2 × 10 4 for the in-situ imaging system [35] , the detector receives a flux of scattered photons N sc ∼ 2 × 10 10 s −1 . Considering the bosons accomplish one loop in ∼ 2ms on the plaquette, N loop (t) ∼ 29 per second in the ring lattice. Thus, the numerical value for the minimal rotation measurable is calculated to be Ω min ∼ 4 × 10 −7 rads −1 Hz 1/2 for t = 1s, which is very close to the best result 10 −9 rads −1 Hz 1/2 reported by the state-of-the-art atom-based Mach-Zehnder gyroscopes [38, 39] .
One unique avenue to improve the sensitivity limit of the spin-orbit-coupled system is through the interorbital spin-exchange interaction [40] [41] [42] . In an earlier work [43] , we demonstrated that the strong spin-exchange interaction between 1 S 0 and 3 P 0 clock states of the alkalineearth-metal atoms in optical lattices with LAT restores the QSHE of the Kondo singlet. As the interorbital spinp-4 exchange interaction mimicking the Kondo-exchange interaction [44, 45] , the effective mass of the quasiparticle could be increased by several orders of magnitude as in the heavy-fermion materials, thus leading to a considerable improvement in the sensitivity limit.
Conclusion. -We studied the Sagnac effect in a spinorbit-coupled bosonic system through cyclotron dynamics on a plaquette. We showed that the competition between rotation and spin-orbit coupling generates a measurable beat-frequency time evolution of the population imbalance, which is completely distinguishable from a Quantum spin Hall effect system with no spin polarization. We also demonstrated that a Sagnac-type cumulative phase can be read out from the envelope of the particle current and considerably increased by cyclotron motion. We further estimated that the sensitivity limit of the spin-orbit-coupled system can reach 4×10 −7 rads −1 Hz 1/2 . We hope our work could provide a reasonable guideline for the experimental investigation of the Sagnac effect in optical lattices with laser-assisted tunneling in the future.
